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Abstract 

By applying the known expressions for SYM and SUGRA tree amplitudes, we write generating 
functions for the NNMHV box coefficients of SYM as well as the MHV, NMHV, and NNMHV 
box coefficients for SUGRA. The all-multiplicity generating functions utilize covariant, on-shell 
superspace whereby the contribution from arbitrary external states in the supermultiplet can be 
extracted by Grassmann operators. In support of the relation between dual Wilson loops and SYM 
scattering amplitudes at weak coupling, the SYM amplitudes are presented in a manifestly dual 
superconformal form. We introduce ordered box coefficients for calculating SUGRA quadruple 
cuts and prove that ordered coefficients generate physical cut amplitudes after summing over 
permutations of the external legs. The ordered box coefficients are produced by sewing ordered 
subamplitudes, previously used in applying on-shell recursion relations at tree level. We describe 
our verification of the results against the literature, and a formula for extracting the contributions 
from external gluons or gravitons to NNMHV superamplitudes is presented. 
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I. INTRODUCTION 



Supersymmetric gauge theory is profoundly linked to string theory, perturbatively and 
at strong coupling. The prescient work of Nair [l| recognized the Parke- Taylor scattering 
amplitudes of SYM as fermion correlators on a sphere. This result was generalized by Witten 
[2! to describe a weak-weak coupling duality between SYM and D-instantons of the B-model 
topological string in supersymmetric twistor space. Other topological, dual descriptions of 
SYM have been proposed by Berkovits j^, 4|, Neitzke and Vafa [sl, and Siegel ^. The 
representation of scattering amplitudes in twistor space has been studied since the inception 
of twistor theory 7|. The BCFW on-shell recursion relations for spacetime signature (2,2) 
have recently been formulated in twistor space Q], and a CSW prescription for SYM is 
presented in Ref. 

The AdS / CFT correspondence relates the quantum theories of weakly coupled Type IIB 
strings in an AdS^ x geometry to strongly coupled SYM on the four-dimensional boundary 
of AdS^. In light of this correspondence, Alday and Maldacena [l^ conjectured that the 
strong-coupling limit of n-gluon scattering amplitudes, to all-loop order, in SYM are related 
to minimal surfaces in AdS^. The minimal surface is a polygon with light-like edges [xi, Xj+i], 



where the dual coordinates Xi are related to the gluon momenta by = 



xf^]^. This 



method of evaluating SYM amplitudes is equivalent to calculating a dual Wilson loop along 
the light-like polygon edges The scattering amplitude/dual- Wilson loop duality 

is conjectured to hold for weak and strong coupling, with agreement confirmed up to the 



six-point, two- loop MHV amphtude 
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In Ref. 



15|- 



16|, it was observed that the integrals required for the three-loop MHV am- 



plitudes, calculated by Bern, Dixon, and Smirnov [17|, are conformally covariant when 
formulated in the dual x-coordinates. The relationship with Wilson loops, which have a 
conformal symmetry, hinted at the presence of an unexpected dual-conformal symmetry for 
SYM scattering amplitudes. The conformal symmetry of Wilson loops is manifested as an 
ultraviolet-anomalous Ward identity. The conformal Ward identity dictates the form of the 

n n n n 

finite part of up-to-five cusp Wilson loops at weak [13|, [IJ] and strong coupling [18|, |19 |. 



Aiming to explain why the MHV amplitudes continue to agree with the Wilson loop duality 
beyond five cusps, the authors of Ref. j2o| postulate a new, larger symmetry at work, the 



A/" = 4 super conformal symmetry SU{2,2\4) acting on dual superspace coordinates. 
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The unitarity method 2l|, |22] supphes the technology we use for manifestly on-shell 



calculations of loop-diagram quantum corrections to scattering amplitudes in quantum field 
theory. In a generalized unitary approach 



23|, the coefficients of loop integrals are obtained 
by "cutting" multiple virtual particles, exposing the loop-integral coefficients as products 
of on-shell tree amplitudes. Quadruple cuts 2J] yield integral coefficients which are the 
product of four on-shell trees, and quadruple cuts freeze the remaining Lorentz-invariant 
phase-space integrals to a finite set of solutions for the on-shell loop momenta. The "no- 



triangle property" of SYM and SUGRA 
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27 



281 . 129l . 1301 ] allows one-loop amplitudes to 



be completely specified by quadruple cuts. The first cut calculation of SUGRA amplitudes by 



exploiting the KLT re^ 



carried out in Ref. 
Ref. |26|. 



ations between gravity and squared gauge-theory tree amplitudes were 
311 ]. Multi-leg results for SUGRA box coefficients were first presented in 



On-shell recursion relations for amplitudes in on-shell superspace 



25 



32 



33 



the authors of Ref. 



34| allowed 



351 ] to expose SYM tree amplitudes in a manifestly dual superconformal 



form. Although infrared divergences spoil the dual conformal properties at one loop, in 



Ref. 



the authors develop a supersymmetric version of generalized unitarity. The ratio 



between the NMHV and MHV one-loop superamplitude is a dual conformal invariant 



36 



38 



371, 



. The use of covariant, on-shell superspace allows the supersymmetric sums over states 
crossing unitarity cuts to be written as Grassmann integrals 20|. Diagrammatic methods 
for directly computing such sums are presented in Ref. 39|]. In the present paper, we apply 
generalized unitarity in on-shell superspace to calculate the NNMHV amplitudes for SYM 
at one loop. 

The on-shell superspace description of maximally supersymmetric Yang-Mills requires 
only minor modifications to be applied for SUGRA. The contributions of MHV and non- 
MHV amplitudes to SUGRA scattering are likewise classified as coefficients of Grassmann- 
valued polynomials. In Ref. 40|] the authors invented "ordered subamplitudes" for SUGRA 
tree amplitudes. The subamplitudes are added together with permutations of {n — 2) of 
the external legs to yield a physical amplitude. The use of ordered subamplitudes allowed 
efficient application of on-shell recursion relations, and the authors present the MHV, NMHV 
and NNMHV contributions to SUGRA tree amplitudes. Echoes of the intriguing squaring 



relationship between gauge theory and gravity 



31 



41 



are observed, since the on-shell 



recursion relations are seeded with MHV and MHV3 amplitudes which are both proportional 
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to squared SYM tree amplitudes. 

In this paper we present the planar, one-loop contributions to ri-point NNMHV scattering 
amplitudes in A/" = 4 Super Yang-Mills (SYM) and Af = 8 Supergravity (SUGRA) theories. 
Generalized unitarity allows us to utilize the compact representations of tree level scatter- 



ing amplitudes obtained previously through the use of on-shell recursion relations [35|, |40 |. 
Scattering amplitudes for SYM at weak and strong coupling are conjectured to possess dual 
superconformal symmetry, a new symmetry beyond the familiar supersymmetry and confor- 
mal invariance. Our results for the one-loop amplitudes of SYM confirm that the NNMHV 
box coefficients are covariant under dual superconformal transformations. 

We prove that ordered tree amplitudes for SUGRA may be sewn together to yield "or- 
dered box coefficients" via generalized unitarity. The ordered box coefficients yield physical 
box coefficients after adding the permutations of all external legs. We calculate explicit 
expressions for the ordered box coefficients which contribute to SUGRA at one loop. 

This paper is organized as follows. We begin with a review of the on-shell, covariant 
superspace formalism for describing scattering amplitudes in SYM and SUGRA. In this 
framework the contributions to SUSY amplitudes of Grassmann degree (A/k) generate the 
N'^MHV scattering amplitudes. Next we describe the tree-level SYM amplitudes we require 
and review generalized unitarity in the construction of supersymmetric box coefficients. We 
calculate the NNMHV box diagrams for SYM and present the box coefficients. Our results 
for supersymmetric scattering amplitudes are expressed as Grassmann-valued generating 
functions, exploiting the on-shell superspace formulated by Drummond, Henn, Korchemsky, 
and Sokatchev {20! ]. 

In order to efficiently calculate SUGRA box coefficients, we introduce "ordered box coef- 
ficients." The ordered box coefficients are formed by fusing ordered tree-level subamplitudes 
via unitarity. After summing over external leg permutations, the ordered box coefficients 
yield physical quadruple-cut coefficients. We proceed then to write the MHV, NMHV, NN- 
MHV box coefficients for SUGRA in the on-shell superspace language. We then present a 
simple formula for extracting gluon and graviton scattering amplitudes from the NNMHV 
superamplitudes. Finally we describe the checks we have performed in comparison with 
amplitudes in the literature. 
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II. PRELIMINARIES 



A. Spinor helicity formalism 

In order to efficiently utilize the four- dimensional polarization and momenta data for 
a scattering process, we describe amplitudes in the spinor helicity formalism for massless 
particles. In this formalism we write the Weyl spinors and A^ for a particle with complex 
and null momentum p as 

Hp) = \p~) = \p), Hp) = b+) = \p], (2.1) 

suppressing the spinor indices. The convention we use is that \p) and \p] have helicity weights 
of =1= |, respectively. This helicity assignment is consistent with the polarization vectors for 
an on-shell particle with momentum p, with reference spinors and 

= rw = (2.2) 

The null momentum j6 is written in this formalism as a bi-spinor, 

^ = X{p)~X{p) = \p)[p\. (2.3) 

The Lorentz invariant spinor inner-products between spinors for the particles labeled i and 
j are denoted 

e"^A,,A,^ = (zj), e°^A,^A.^ = [zj]. (2.4) 

In this formalism the spinor products for strings of momenta and spinors are expressed as, 
for example, 

{a\^^\b) = {a\kp\b) = {ak)[kp]{pb). (2.5) 

B. Covariant description of on-shell superspace 

Now we discuss the manifestly Lorentz covariant description of the Af = A m ultip let of 



massless states as formulated by Drummond, Henn, Korchemsky, and Sokatchev 20[. The 
covariant description utilizes the bi-spinor representation of a complex and null momentum 
in four dimensions, 

{(T^i)aaP^ = icca = (2.6) 
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Then the supersymmetry algebra generated by and qAa for 1 < A < J\f is written as 

{q^QBa} = 6^Xa~Xa. (2.7) 

In reference to the null momentum p, the spinor components of can be decomposed into 
two linearly independent spinors, q^ = {qa)\\ + )±! one parallel and one orthogonal to the 
spinor Aq,. The parallel component satisfies A"(g^)|| = 0, and one defines the operator q^ 
through the relation {q^)\\ = XaQ^- Then the operator- valued part of {qa)± is chosen to be 
q^ = A"g^. Similar considerations apply for the decomposition of g^d relative to the spinor 
Aq. Forming the spinor product with A and A on both sides of the supersymmetry algebra 
eqn. (12. 7p . one finds the algebra 

{gf , qB±} = {qt Qb} = {g^, qB±} = 0, 

{q^,qB}=5i. (2.8) 

Then we can identify a maximal, mutually anticommuting set of operators (i.e. annihilation 
operators) to be either {q^, qj_, qAi_} or {qA-, qf_, qAi.}- 

The vacuum state is defined as the state annihilated by the chosen set of annihilation 
operators and with helicity (h) with respect to the null vector p. Following the convention 
established in Ref. [20], we choose the set of annihilation operators {g"^, , g^j.}. The 
remaining operators (Ja are creation operators whose action changes the helicity of a state 
by ( — 1/2). Then g^ must carry helicity ( + 1/2) to be consistent with the relations eqn. (12.81) . 
With a vacuum state of helicity ( + 1), the states created by repeated application of g^ have 
helicities ranging from { — 1 < h < 1) and produce the A/" = 4 multiplet of massless states, 
self-conjugate under CPT. 

The algebra eqn. (12. 8p is conveniently realized by Grassmann variables t]^ satisfying 
anticommutation relations {ti"^,ti^} = 0. The operators are identified with 

/ = ^^ 'iA = ^- (2.9) 

The Grassmann variables 77^ transform according to the fundamental representation of the 
global SU (4) i?-symmetry group of A/" = 4 SYM. 

All the component states of the on-shell supermultiplet can be assembled into a single 
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super- wavefunction, 

Hp, r]) = G^ip) + v^Ta{p) + Iv^V^'SABip) + ^eABCDr/^r/^r/^f 

+ ^e^BCDr/V^S'^G-lp). (2.10) 

The different states in the supermultiplet are obtained from the sup er-wavef unction by the 
action of qa- For example, the positive-hehcity gluon state is G~^{p) = ?7)|^=0! and 
the negative-hehcity gluon state is given by G~{p) = €^^'"^qA(lB<lc<lD^{p,v)\v=o- Each 
component particle of the supermultiplet is distinguished by a unique power of rj. Because 
the Grassmann variables 77^ have helicity ( + 1/2), each term in the super- wavefunction of 
eqn. (12.101) has total helicity ( + 1). The momentum p^ is chosen by convention to be an 
outgoing momentum for scattering processes. A physical particle's momentum is null and 
future pointing. 

An exercise in Grassmann integration yields an important identity, the single-particle 
completeness relation, 

j (fTiHP,vm-P,v) = G+{p)G'{-p) + G~{p)G+{-p) + TA{p)f\-p) 

+ T\p)Ta{-p) + \s^^{p)Sab{-p). (2.11) 

We will apply this identity to write the sum over each on-shell state in the multiplet as a 
Grassmann integral. Thus the discrete sum over particle states which cross an on-shell line 
in unitarity cuts and on-shell recursion relations is replaced by integration. 
The SYM scattering amplitudes for n external superparticles are denoted 

A(p^,^i) =^($1, •••,$«)• (2.12) 

The superamplitude is a generating function for the scattering of all particles in the M = 
4 multiplet, since the contribution of various component fields to a superamplitude are 
distinguished by the particular Grassmann-valued coefficients appearing in the superfield, 
eqn. (12.101) . For example, a gluon MHV amplitude appears as 

An{p^, m) = {vi%W) {V2%%%^) ^n(l~, 2^, 3+, . . . , n+) + . . . . (2.13) 



As discussed in Refs. 32|, , the component particle scattering amplitudes are obtaine d by 



applying Grassmann-variable derivatives to a superamplitude. Equivalently, as in Ref. 



35|, 



Grassmann integrations can be used to isolate a component scattering amplitude. Noting 
that 

I d'vvWv' = 1, i-e. S^'^v"") = ^e^Bcz^r/V^V, (2.14) 

and referring to the component fields in eqn. (12.101) . negative- helicity gluon contributions, for 
example, to an amplitude are selected by the Grassmann-integration J df^rj while positive- 
helicity gluons are indicated by a factor of unity. Thus MHV, NMHV, and NNMHV gluon 
amplitudes are given, respectively, by 

v4„(l", 2", 3+, . . . , ra+) = y d\d%An{Pi, r]i), 

An{l~, 2", 3", 4+, . . . , ra+) = y d\d'^r]2dr]3An{pi, Vi), 

A„(r,2-,3-,4-,5+,...,n+) = J d\d%d%d%Anip^,V^)■ (2.15) 

Because the Af = 4 multiplet is CPT self-conjugate, the same on-shell supermultiplet 
could have been obtained by using the triplet of annihilation operators {qa, Q±, Qa±} with 
the creation operators q^. In that case we would write 

qA = VA, / = t|-. (2.16) 

OVA 

The Grassmann variables f]A transform in the anti- fundamental representation of SU{4). 
The conjugate super- wavef unction is 

+ Le^^<^''rjAVBVcVDG^{p). (2.17) 

For complex momentum, the super- wavefunctions 77) and f/) are related by a 
Grassman-variable Fourier transform, 

^{p,f]) = j d^rje^'^'^^^p.ri). (2.18) 

The conjugate description An of a superamplitude An may likewise be used, where the 
conjugate is obtained by the replacements A ^ A, A — > A, and t] f], 

An{X,~X,v)=MKKv)- (2.19) 
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A pair of conjugate superamplitudes are related by a Grassmann Fourier transform, 

n „ 

An{X,X,v) = 11 J d%e-^-'^^An{X,~X,v)- (2.20) 



i=l 



All scattering amplitudes in this paper are given in the "holomorphic" description, where 
every particle is described by the super- wavefunction 77). 

An n-point J\f = 4 Super Yang-Mills amplitude An{X, A, 77) is invariant under the super- 
symmetry algebra generated by 

n n Q 

<lt = ^ XiaVf, QaA = ^ {^a ' ^<^b} = Paa, (2.21) 

i=l i=l 

where I < A < 4 and the total momentum is Paa = Yl^=i{Pi)aa- The superamplitude An 
can be expressed, for n > 4, as 

An{X,X,v) = S^'\paa)S^'\q^)Vn{X,X,v), (2.22) 

where g-supersymmetry requires that qVn = 0. For n > 4 superamplitudes, invariance 
under g-supersymmetry is manifest because of the delta function. The exceptional three- 
point amplitudes are shown in detail below. 

The SU{4) i?-symmetry for SYM implies that the superamplitude is an SU{A) singlet. 
Then P„ is expanded in a series of S'?7(4)-invariant, homogeneous polynomials of degree 
(4fc) in the r/'s, 

n— 4 

^n = 5^Pf. (2.23) 

k=0 

The invariance under the q supersymmetry can be used to set to zero two of the rj variables, 
corresponding to two external particles in An, so that the total Grassmann degree of the 
polynomial Vn is (4r2 — 16). Thus the Grassmann degree of the superamplitude, including 
the factor of 6'^^^{q), is (4n - 8). 

Next we will identify the N^MHV scattering amplitudes of the component particles in 
the supermultiplet with the Grassmann polynomials P^^. With each superparticle carry- 
ing total helicity ( + 1), the total helicity of an ra-point superamplitude is { + n). The 
scattering amplitude in eqn. (12.221) is the product of a momentum delta function with zero 
Grassmann-variable and spinor helicity, and the supercharge delta function has Grassmann- 
variable helicity of ( + 4) and spinor helicity of ( — 4). Since the momentum and supercharge 

10 



delta functions in eqn. (12.221) carry total helicity zero, each Grassmann polynomial has 
Grassmann- variable helicity ( + 2k) and thus spinor helicity {n — 2k). 

The scattering amplitudes for the component particles of the supermultiplet are obtained 
as coefficients of Grassmann-polynomial factors in the superamplitude. According to the 
above helicity count, the component-particle amplitudes arising from V^'' in this way have 
spinor helicity {n—2k—4). In other words, the Grassmann polynomial V^^ yields a generating 
function for the N'^MHV amplitudes, 

Ani^'MRV) = 5^'\p^^)5^'\qt)rtt{\Xv)- (2.24) 

We will use the following less-concise but simpler notation, 

= P„(N'=MHV), (2.25) 

to make the relationship between Grassmann polynomials and component amplitudes ex- 
phcit. 

Momentum conservation for three-point vertices, + + |^)[^| = places ex- 
ceptional constraints on the particles' spinors. By contracting the momentum conservation 
condition with, say, \k], we have 

\i)[tk] + \j)[jk] = Q, (2.26) 

and similarly for contractions with \i\ and Instead contracting with \j) we find 

|z](zj) + |A;](A;j) = 0, (2.27) 

and similarly for contractions with |z) and \k). Both sets of conditions taken together 
amount to the trivial solution where all momenta vanish. This is because eqn. (I2.26P and 
its companions imply that and |A;) are all proportional, which, considered together 

with eqn. (I2.27P and its companions, would imply the vanishing of and \k]. Therefore 

we must choose one set of solutions, eqn. (12.260 and its companions or eqn. ( 12.270 and its 
companions, at a three-point vertex. 
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III. SCATTERING AMPLITUDES FOR A/" = 4 SYM 



A. SYM tree amplitudes 



The tree-level MHV amplitudes of SYM are given by the generating function of Nair, 



presented in Ref. 



l|] . The corresponding Grassmann polynomial of degree zero is 



n 

P„;o(MHV) = n7--TT- 

ill + \) 



(3.1) 



l(zz + l)' 

The MHV amplitudes have obvious g-supersymmetry because of the 5^^\q) factor, and the 
g-supersymmetry follows from momentum conservation. MHV three-point tree amplitudes 
are well-defined only for the kinematics of eqn. (12.271) . 



The exceptional three-point MHV vertex, the Grassmann-variable Fourier transform of 
the conjugate three-point MHV vertex, has a Grassmann degree of four. 



^3;o(MHV) = 5W( 



Pc 



[12] [2 3] [3 1] 



(3.2) 



The MHV3 vertex requires using the kinematic constraints of eqn. (I2.26p . By virtue of these 
constraints, 



g = |l)r/i + |2)r/2 + |3)r/3 



11. 

[2 3] 



(r/i[2 3]+r/2[3 1]+773[12]), 



(3.3) 



which annihilates eqn. (13.21) to ensure g-supersymmetry. The g-supersymmetry follows from 
applying the Schouten identity. 



\T][jk] + \k][lj] + \j][kl]=Q. 



(3.4) 



We will be using the formulas for N'^MHV tree amplitudes deduced from the application 
of on-shell recursion relations. Here we review the SUSY generalization 



25 



31 of the BCFW 



recursion relations 



43 



441 ] . A superamplitude An-Q becomes a meromorphic function of the 



complex variable z under the shift of external-particle spinors and Grassmann variables. 



\l{z)) = \l)-z\n), 
\n{z)] = \n] + z\l], 
Vn{z) =r]n + zr]i. 



(3.5) 
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This complex shift is chosen to preserve overall momentum and the supercharge g, 

Piiz) + pn{z) = pi + Pn, r]i\l{z)) + r]n{z)\n) = \l)r]i + \n)r]n. (3.6) 

The Feynman diagram representation of scattering amplitudes implies that An-oiz) has 
simple poles at the values of z which yield an internal line with on-shell momentum P{z), 

P{zf = + z{n\P\l]=0. (3.7) 

The values of the shift parameter z which yield the multi-particle poles are denoted zp. 

Both SYM and SUGRA amplitudes have the remarkable ultraviolet behavior that An-o{z) 
vanishes a.s z oo, which implies, for the contour at infinity, 

•^^^dz = 0. (3.8) 

z 

Then we apply Cauchy's Theorem, deforming the contour to the origin to yield residues 
for the the multiparticle poles a.t z = zp and at 2; = 0. Scattering amplitudes factorize 
at multiparticle poles, and the residue at 2 = is simply the desired, unshifted scattering 
amplitude. Then we arrive at the BCFW recursion relations in their supersymmetric form, 

A^A^ = 0) = J2 [ d'vAl,{zp)^^Al,{zp). (3.9) 
p 

The sum over intermediate particle states has been written as an integration over the internal 
particle's Grassmann variable. 



In Refs. 



35, 



40|, Drummond et al. use the supersjTumetric BCFW recursion relations 
to develop a graphical algorithm for writing the SYM N'^MHV tree amplitudes. All SYM 
amplitudes are dual superconformal invariant, depending on the dual conformal invariant 
functions 



where 

{^\ {TT'\-^nai'^aibi-^bia2'^a2b2 ' ' ' ■^arbr- ('^■-^-^) 

The dual-superspace variables x and 9 are related to superspace momenta and spinors by 
Pi = Xi- Xi+i and \i)T]i = \6i) - \6.i+i), thus, (3.12) 

Xab = Xa- Xb = '^Pi and \9ab) = \9a) - \9b) = \i)r]i- 
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In an n-point superamplitude the subscript indices of the dual conformal invariants which 
appear range over the values {2, . . . ,n — 1}. When the index a attains the lower limit of its 
range, the spinor \a — 1) is to be modified according to the superscript indices {/i, . . . , Ir}, 

(a - 1| ^ {n\x.n,hXi,i^ ■ ■■xi^_^i^. (3.13) 

Dual conformal invariants with no superscripts present require no modification. We note 
for later that the dual conformal invariants (and their modified versions) depend on n only 
through the spinor \n) and have phase weight zero in \n). 

For our present purposes we need only the NMHV and NNMHV tree amplitudes. The 
dual conformal invariants which appear in these amplitudes are given explicitly by 

{aa — l){bb — l)S^'^\{n\XnaXab\Obn) + { \Oan)) 



Rn: 



n:ab 



\b){n\ 

•^na-^ab 

\h - l){n\XnbXba\a){n\XnbXba\a - 1)' 

{cc~l){dd-l)5^'^\{e.\xbcXcd\ddb) + {i\xbdXdc\Ocb)) 

J^n;ab;cd — 2 I C\ in i c\ Tj TwTl TwTl i lT' V'-^^) 



where (^| = {n\xnaXab- The NMHV and NNMHV tree amplitudes in SYM are generated by 
the Grassmann-valued polynomials 

P^;o(NMHV)= \ V Rn,ab. (3.15) 

ni(^^ + i) ^ 



1<ah<n-\ 



P„(N2MHV) = V Rn,ab 



Er)ba _|_ \ ^ pafe 

^n;ab;cd / j ^n;cd 

.a<c,d<b b<c,d<n 



2<a,b<n-l 

We are using a convention for double summations where it is understood that j > z + 2 in 
a sum Y,i,j- 

In order to carry out the Grassmann integrals appearing in unitarity cuts, it will be 
important to notice that the dual conformal invariant factors in the SYM tree amplitudes 
are independent of the Grassmann variables rji and rjn- The dual conformal invariant func- 
tions all share the property that they depend on the Grassmann variables through the 
dual superspace coordinates O^b^ = Yl'i=x where the indices range only over the values 
2<x<br<n — 1. In this form of presenting the amplitudes, therefore, the Grassmann 
variables for the external particles rji and ?7„ appear only in the overall super symmetric delta 
function. 
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FIG. 1: The kinematics used for the box coefficients. All external legs are outgoing and the loop 
momenta point counterclockwise. Gray blobs indicate on-shell tree amplitudes. 

B. SYM one-loop amplitudes 

The planar, color-ordered, one-loop amplitudes An^i in SYM can be decomposed onto a 



basis of scalar box integrals 



21 



221 ] with Grassmann-valued box coefficients. 



partitions 

The summation runs over all possible distributions of the color-ordered external particles, 
and the dimensionally-regularized scalar box integrals are 

As illustrated in Fig. [T], the Ki are sums of the momenta leaving each corner of the box. 
The four-mass (4m) integrals correspond to (A'j)^ ^ for all four corners; three- mass (3m) 
integrals have (A'j)^ = for exactly one corner; two adjacent Ki have (Ki)"^ = in the 
two-mass hard {2mh) integral, and two opposite corners have vanishing Ki^ in the two-mass 
easy (2me) integral; one-mass (Im) integrals have Ki^ = for three corners of the box. We 
will frequently use a slight abuse of notation, using the symbol Ki to indicate both the total 
momentum leaving the i-th corner and also the set of external-particle labels for that corner. 
For example, we write Ki = pi + . . .+ps_i or = {1, . . . , s — 1} depending on the context. 

The Grassmann-valued box coefficients C are given by the quadruple cuts of the super- 
amplitude An;l, 

1 4 

C{K,,K2,K,,K,) = -J2Y,Il^^'n.+2Ah,{K^},-l^+l)■ (3.18) 

S± J i=l 

Each A'ni+2;o{k, {Ki}, —li+i) is a SYM tree amplitude, with rii external particles in the 
cluster Ki, stripped of its momentum-conserving delta function. The unitarity cut coefficient 
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contains a sum over all the component particles of the supermultiplet which cross each cut 
loop momentum, distinguished by the spin J of each particle. 

There are two solutions S± for the complex momenta satisfying the on-shell conditions 
for the cut loop momenta, If = {]. The pair of general solutions for each loop momentum 
are given in 2J]. When one corner of the box is massless, the two solutions are given in a 



(1^ 




1^) 


2(1± 





simple form by the authors of Ref. [45|. For numerically checking our results against seven- 
point gluon and six-point graviton amplitudes the unitarity cuts with at least one massless 
corner are sufficient. Considering the routing of momenta we use in Fig. [H the solutions are 
expressed in terms of the spinors |1) and |1] for the massless corner i^i, 

~ 2(l±|/r2/^JlT) ' 

^ 2(l±|/r,/^JlT) ' ^ 2(l±|/f,/rjlT) • ^'-''^ 

Here we use the spinor notation [1| = (1| = Noticing that the two solutions 

are distinguished according to whether oc I/2) or oc I/2], we see that the kinematic 
solution is applicable when A{1\^ 1, is an MHV3 vertex and S~ is used for a MHV 
three-vertex. In the equations for box coefficients that follow, we leave implicit the sum over 
appropriate loop momenta solutions. 

The contribution from each on-shell particle in the supermultiplet which crosses a uni- 
tarity cut is conveniently calculated by an integral over the Grassmann variable of each 
superparticle, as indicated by the completeness relation of eqn. (12. lip . Then the unitarity 
cuts contributing to a box coefficient take the general form 

C(i^i, 7^2, i^3, = n / t^%^'n.+2;0(/., {i^.}, (3.20) 

In the case of n > 4 superamplitudes as given by eqn. (12.221) . the loop Grassmann variables 
will appear in delta functions of the form ^^^■'(|/i+i)%_|_i — l^i)??;^ + Y^j=a \ ^^r the cluster 
of external legs Ki = + . . . + pf, at the corner of the box. To carry out the Grassmann 
integrations which appear in a box coefficient, eqn. (13.201) . we will apply the identity 

b 

5(«)(|/,h,-|/,+i)r/,^, + ^|jh,) 

j=a 
b 



{kk^^Y5''\vu-Y.7jf^,^^^^^^^ (3-21) 
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FIG. 2: The quadruple-cut diagrams which contribute to NNMHV box coefficients. N'^MHV tree 



ampUtudes are labeled with the number k, and MHV3 and MHV tree amplitudes are indicated 
by black and white blobs, respectively. The diagrams are indicated in the text with the labels 
4m, III (A — C), and II{A — B), respectively. The last pair of diagrams, which differ by a simple 
relabeling, are collectively denoted II (B). 



The pair of Grassmann delta functions simply freezes the value of the loop variables t]i^ and 

Certain configurations of on-shell three-vertices which could appear in the unitarity cuts 
are forbidden because of the kinematic constraints of eqns. f l2.26p and fl2.27p . If two on- 



shell MHV, or MHV, three vertices are adjacent and thus share a common particle line, 
the special kinematic constraints would require that the pair of external particles at these 
vertices must have spinors A, or A, respectively, which are proportional. General kinematics 



does not allow such a restriction. Quadruple cut diagrams with an MHV3 and MHV3 vertex 
at opposite corners also vanish for kinematic reasons. 



C. NNMHV box coefficients for SYM 



Now we describe all the unitarity cuts which contribute to a NNMHV box coefficient, as 
in eqn. fl3.20p . The NNMHV superamplitudes have total Grassmann degree of 16, whereas 
the Grassmann degree of MHV3 vertices, MHV amplitudes, and NMHV amplitudes are 4, 
8, and 12, respectively. The Grassmann loop integrations for the unitarity cuts each reduce 
the total Grassmann degree by four, for a net contribution of —16. Thus to have a NNMHV 
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one-loop superamplitude we require the box coefficients to be built from tree amplitudes 
with total Grassmann degree of 32. This is achieved in four different ways; there can be 
four MHV tree amplitudes, one NMHV with two MHV and one MHV3 tree amplitude, one 
NNMHV with one MHV and two MHV3 tree amplitudes, or two NMHV and two MHV3 
tree amplitudes. The kinematic restriction on MHV3 vertices which share a common particle 
forbids the case with three MHV3 vertices and a N'^MHV tree amplitude. Fig. [2] illustrates 
all the box diagrams required for the NNMHV one-loop superamplitudes. 



1. All-MHV cut contributions to the NNMHV box coefficients 

The unitarity cuts built from four MHV tree amplitudes have Grassmann degree 16 and 
thus contribute to the NNMHV one-loop SYM amplitude. The result for this cut coefficient 
is presented in Ref. jsol. After calculating the four- mass, all-MHV cut contribution we can 
immediately obtain the all-MHV cut contributions to the three-, two-, and one-mass box 
coefficients by simply restricting the number of external particles at each tree. We write 
C^^j^(N^MHV) to denote the only contribution to the four-mass box coefficient, where 

Ki=pr^ h Ps-i, K2=Ps^ h pt-i, K3=pt^ h Pu-i, and ^4 = p„ H h Pr-i, 

and we have 

C*,.(N2MHV) = n / d\ (3.22) 

{hli){hr)...{s-lh) {hl2){hs)...{t-lh) 

{h h) {h t)...{u-l U) {h k) {ku)...{r-lh) 

The sum of the delta-functions' arguments yields the supersymmetric delta function 5*^^^ (g) = 
6^^\Ei We replace the argument of the ffist delta function with q and set the ffist 

delta function aside. Now we use eqn. (13.211) to factor the three remaining 5'-^-* functions 
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into pairs of S^^^ functions to find that their product is 

{kh)'s"Hi,, - i: |i|'<')*'*>('fc - E f^w) (3.23) 



x(,3«*.<«(,,.-i:|ii,.)^<*'(..-i:|^,.) 



The Grassmann integrations over rji,^ and 77^^ are now trivial, and the final integrations simply 
freeze the values of rji^ and 77^. Carrying out the Grassmann integration over the product of 
delta functions in eqn. fl3.23l) gives 



u-l t-1 



t s 
r— 1 M— 1 

u t 

r— 1 «— 1 

X 5(4)(^r/,(/4|/3/iK) - 5^r/.(/4|/i/3K)) 



= /, , \4r, 7 I4r, , 14 ^^^H (^3 ^t.a^sn l^ut) + (^3 kt^^X^, ) 

X S^^\{k\XutXtr\Oru) + (^4 ^^r^;,-* | ) • (3.24) 

In the second equality of eqn. fl3.24p we used the identities 

(/3|/2/4K)=(/3|(/2-/3)(/4-/2)K) 

= {ls\{Ks + K, + Ki){K2 + Ks)\l) 

= {h\xtsXsu\i), (3.25) 

and similarly for the other terms in the delta functions, introducing in the last line the dual 
superspace coordinates from eqn. fl3.12p . The last line of eqn. (I3.24p also applies the overall 
supercharge conservation to write, for example, 

u-l t-1 

^Vil^) = -'^Vi\i) = -(^ut- (3.26) 
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Separating the MHV tree-amplitude factor and simplifying the remaining denominator using 
eqn. (13.251) . we find 



( 


s s — l){uu 


- l)S^^\{h\XtsX 


su 


(^ut) + {h\XtuXus 


Ost)) 






■5 ~ 1) {hl^ts^su 


'u){l'3\XtsXsu 


u-l) 



{rr - l){tt- 






^ru) + (^4 


XiirXj'f 


9tu)) 


{h 




r){U 




r — 


l){h\. 




Xur-^rt 


t-1) 



(3.27) 

In order to simplify the prefactor for four-mass box configurations of momenta, I multiply 
the numerator and denominator by the factor [li I2] [U h] to find that the numerator is 

[/1I/2/3/4I/1) = tr(_)(/i/2/3r4) 

= 2 (^^1 ' ^2 ■ ^4 + 2/2 ■ ^3 2/1 ■ /4 — 2/1 ■ I3 2/2 ■ ^4 + '^i^pvpa^lV^.^l'V) 

= ]^{Ar,s,t,u + ^lepupJ^^r^lTi)- (3-28) 
The factor ^r,s,t,u has the expression 

^r,s,t,u — ^rs-^tu ~^ -^ru-^st ~ -^rt-^su- (3.29) 

The epsilon tensor piece can be written as e^upal^K2K^K^ by applying momentum con- 
servation. Inside the loop integral, this term vanishes since the loop momentum /'^ must 
integrate to a sum of the external momenta K^. 

In cases where the four-mass box degenerates to a three-mass or easy two-mass box, we 
can encounter oc I/2] at a MHV three-point vertex. The factor [I1I2] vanishes in these 
cases, and we instead multiply by the factor [li l^] [I2 h]. The spinor products in the numerator 
can then be written in terms of external leg variables by applying the loop momenta solution 
S~ in eqn. (I3.19p . The denominator in these cases is 

(/2IW3/4I/2] = (/2I/1/3/4I/2] + [/2|/iy4|/2) 

= tr(i'2rir3r4) 

= Ar^r+l,t,u- (3.30) 

The factor A we use is twice that found in Drummond et al. 

We have now obtained the complete four-mass box coefficient, in agreement with the 
result given in Ref. 35|. The four-mass box coefficient is 

^r,M,n(N^MIIV) = 2 ' '2 ^lu^lt^h-MuRli^urt X -r-rn / ■ ■''^ i \ ' (3.31) 
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where the dual conformal invariant 36|] is 



^ _ (gg- l){hh- l)5^'^\{l\XcaXab\0i,c) + {l\XcbXha\dac)) ^2) 

The dual conformal invariant Ri-cab is identical to Rc-ab in eqn. (I3.14p . but with the spinor 
|c) replaced by the loop momentum spinor |/). 



2. NNMHV box coefficients with one MHVs vertex 

The unitarity cuts built from sewing a NMHV tree amplitude, two MHV amplitudes, 



and one MHV3 amplitude have a total Grassmann degree of 16 and thus contribute to the 
NNMHV one-loop superamplitude. For the three-mass cut contribution we label the external 



momenta as Ki = Pr for the external leg at the MHV3 vertex, K2 = Pr+i + • • • + Ps-i, 



= ps + ■ ■ ■ + Pt~i, and K4 = pt + . . . + Pr~i- We calculate the single-MHVa contribution 
to the three-mass box coefficient, denoted C/f^+i .^^(N^MHV). The two- and one-mass cut 
contributions from such unitarity cuts are determined by restricting the numbers of external 
legs at each corner of the box. 

There are three distinct configurations to consider, as shown in Fig. [2], depending on the 



placement of the NMHV tree amplitude relative to the MHV3 vertex. In cases where the 
cluster of external legs K2 is attached to the NMHV tree, the unitarity cut yields 

ciii„,(N=MHV) = n / ■i'% '''''''''\;^+:;'-'';,''^'r''-''^''" (3.33) 

5^'K\l2)Vl,-\h)Vl, + J::ll\^)v^) v-p 

{hh){hs)...{t-lU) (^ij^)^i^t)...{r-lh) 

where the indices g and b in the NMHV factor satisfy g > r + 1 and g + 2<6<s — 1. As 
noted in Section [HI Al the factor Ri.^-ab does not depend on the Grassmann variables rji^ or 
77^3. Thus the loop Grassmann integrations only affect the delta functions in the integrand, 
which explicitly display the loop's Grassmann variables. 

The product of the delta functions which appears is exactly the same as in the three-mass 
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box coefficient for NMHV superamplitudes calculated by Drummond et al. We conclude that 
C;%!,,(N2MHV) = Cf;+i,,,,(NMHV) X Yl ^^3;a6 (3.34) 



r+l<a,b<s 



^r,r+l,s,t-'l'r;st / ^ J^h\ab ^ -p-rn , 



For this kinematic arrangement, the factor ^r,s,t,u simplifies because x^^j^i = = to 
become 

^r,r+l,s,t = X,^f-X^j^i^ — X^gX^j^i^. (3.35) 

We have used an identity similar to eqn. (13.301) . leading to a result for C^™_,_]^ ^ ^(NMHV) 



which is twice that found in Ref. 



36|. 



The other single-MHVa contributions to the three-mass box coefficient are illustrated in 
Fig. [21 These two diagrams have an NMHV tree amplitude at the corners of the box carrying 
momenta Kj, and K^, respectively, 

C;j?i^;,,(N2MHV) = C,3-+i,,,,(NMHV) X R^,,,, (3.36) 

s<a,b<t 

C;jg,,(N2MHV) = C,%,,,,(NMHV) X ^ R^,^,,. (3.37) 

t<a,b<r 

The kinematic constraint = from the MHV3 vertex can be used to write 

Rh;ab = Rr;ab- The factor Rr-ab has zero phase weight in |r), so no additional factors are 
introduced by this replacement. 

Care must be taken when interpreting the dual conformal invariants associated with these 
box diagrams. Since the loop leg is adjacent to the external leg labeled s, it is easy to 
show that {h\xi^a = {h\xsa- Then we can write Ri^-ab = Riz;sab and similarly for the other 
NMHV factors. Note also that when the label (s — 1) appears in the factor Ri^-ab, it refers 
to the loop leg ^3. Similar considerations apply when expressing the factor Ri^^ab- 

Finally we have the total contribution to the box coefficients from diagrams with a single 
MHV3 vertex, 

^rfr+l,s,i(^ MHV) = C^^r+l!s,t + ^r,r+l,s,t + ^r,T+l,s,t (3.38) 
X Rr st 



\r+l<a,b<s s<a,b<t t<a,b<r 
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3. NNMHV box coefficients with two MHV3 vertices 



The last ingredient to complete the NNMHV box coefficients are cut contributions with 
two MHV3 vertices. We will calculate the two-mass configurations C/^^_,_]^ ^ j(N^MHV), from 
which the one-mass contributions will be obtained by restricting the number of external 



legs at corners of the box. The kinematic constraint on adjacent MHV3 vertices means that 



two-mass cut contributions with two MHV3 vertices only contribute to the two-mass easy 
box coefficients. Then the cut contribution to NNMHV one-loop superamplitudes with two 
NMHV tree amplitudes is 



C5,.,.+i(N'MHV) = f[[ d% 



X 



5^^) (?7/2 [h r] + r]i^ [r 


l2]+Vr[hll]) 


[khWir] 


[rk] 




+ Er+l \^)Vi) 




..{s-lh) 




k] +r]s[k h]) 


[kh][hs] 


[sk] 






{hk){ht)... 


(r-1/1) 



a,b 



c,d 

(3.39) 

where the indices a and b in the first NMHV factor satisfy a > r + 1 and a-|-2<6<s — 1, 
and in the second factor we have c> s + 1 and c + 2<d<r — 1. 

As in the three-mass box coefficients, the NMHV factors in the integrand Ri^-ab and 
Rh-.cd are independent of the loop Grassmann variables and are therefore untouched by the 
Grassmann integrations. With these dual conformal invariant factors aside, the remaining 
product of delta functions and denominators is identical to those which appear in the MHV 



two-mass easy coefficient calculated in Ref. 35|. Thus we have 



C;'^U+i(N2MHV) = C,2;^,,,,,+,(MHV^ R,,,,,x Ri,,,, 



r+l<a,b<s s+l<c,d<r 



r+l,s,s+l / Rs;ab / Rr,cd ^ -nn i ■ ■ -i \ ) (3.40) 



r+l<a,b<s s+l<c,d<r 



where we have applied the kinematic constraints from the MHV3 vertices to make the re- 
placements \r) and I/3) — > |s) in the dual superconformal invariants. We have applied 
the trace identity eqn. fl3.30p to find a result for C^^^_^^ ,,^;^(MHV) which is twice that found 
in Ref. [36 1. 
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The last two diagrams in Fig. [2] illustrate the contributions to the two-mass easy box 
coefficient with a sing le N^MHV tree amplitude. This pair of sing le-N^MHV dia grams differ 
by a reflection of the external particle labels, r s, and we have 



^;?+l,a+i(N^MHV) = n / d\ 



(3.41) 



X 



7Z — !! — rrz 77 — !! — Z X — — ; — ~ ; ; — ; 



[l2h][hr][rl2 



{hl2){l2r + l)...{s-lh) 



X 



r+l<a,b<s 



.a<c,d<b 



b<c,d<s 



[^4 h] [h s] [s U 



{hk){kt)...{r-lh) 



+ (r s) 



Considering that the dual conformal invariants are independent of rji^ and 77/3 and using the 



MHV3 vertex constraint to replace I/3) — the Grassmann delta functions and denomi- 
nators reproduce the MHV two-mass easy coefficient, 



C+L,.+i(N'MHV) = C'Z 



2me 
r+l,s,s+l 



(MHV) 



r+l<a,b<s 

+ {r ^ s) 



ab 



^h;ab;cd "t" /-^ ^h\cd 
_a<c,d<b b<c,d<s 



^r,r+l,s,s+l 



X 



5(8) (g) 



X ^ J^s;ab 
r+l<a,b<s 

+ (r ^ s). 



ETjba I \ ^ Tjab 

^s;ab;cd 2-^ ^s;cd 



.a<c,d<b 



b<c,d<s 



(3.42) 



The total contribution to the two-mass box coefficient from box diagrams with a pair of 
MHV3 vertices is 

C+i,.,.+i(N2mHV) = C'/^X^.^A^'MRV) + C;55,,,,+i(N2mHV) (3.43) 



ni(^^ + i) 

r+l<a,b<s 



ab 



r,r+l,s,s+l I ^ ^ Fls;ab ^ ^ Rr,cd 
+l<a,b<s s+l<c,d<r 



.ab;cdJ 

a<c,d<b b<c,d<s 



^s:cd) 



r ^ S) 
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where the instruction to interchange the labels r and s applies only to the NNMHV tree 
amplitude factor, the second term in parentheses. Note that because of the dual-coordinate 
identity Xab = —xta we have Ar^r+i,s,s+i = As,s+i,r,r+i, so this object can be factored outside 
of the (r ^ s) interchange. 

4- Complete box coefficients for one-loop, NNMHV SYM amplitudes 

The above contributions to box coefficients are organized according to the number of 
three-point MHV vertices contributing to a quadruple cut. The non-MHVa tree amplitudes 
in the quadruple cuts of the previous subsections have multi-particle clusters of external 
particles. By restricting the number of external particles at the non-MHVa corners of the 
box, the four-, three-, and two-mass box coefficients calculated above generate the missing 
three-, two-, and one-mass box coefficients to complete the n-point, one-loop, NNMHV 
superamphtude. 

The only contribution to the four-mass box coefficient comes from the all-MHV quadruple 
cuts, C^^f^, from eqn. (13.311) . In the box function expansion, eqn. (13.161) . the box integral 
Ir,s,t,u multiplies this coefficient. 

The three-mass box coefficient receives contributions from the quadruple cuts C^^^ , 
eqn. ( 13.381) . and also the four- mass quadruple cut diagrams with a single external parti- 
cle at exactly one of the corners. Then, for the three-mass box coefficient which multiplies 
the box integral Ir,r+i,s,t with Kf = 0, we have 

_ riAm , nlll /o aa\ 

Here we dispense with the (N^MHV) labeling of the cut coefficients. 

The two-mass hard box coefficients are obtained from the quadruple cuts C^^^ by restrict- 
ing one of the corners adjacent to the MHV3 to have exactly one external leg. The four-mass 
quadruple cut with a pair of adjacent MHV three-point vertices does not contribute to the 
two- mass hard box coefficient because of the kinematic constraint of eqn. (12.271) . Further- 
more, massless corners of a box coefficient must be an MHV or MHV tree amplitude because 
N'^MHV tree amplitudes with three on-shell particles vanish. Thus, considering Fig. [2], two- 
mass hard coefficients which multiply the box integral Ir,r+i,s,r~i with Kl = = are 
obtained from C^^^^^^ by choosing the massless corner = {r — 1}. The coefficient C^^^*^*"^ 
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contributes by choosing K2 = {r + 1} followed by the relabeling r r — 1. The final 
two- mass hard contributions come from C^^^*-^-* by choosing either K4 = {r — 1} or choosing 
K2 = {r + 1} relabeling r — r — 1. Altogether, for this two- mass hard box coefficient we 
have 

r>2'mh _ r>in{A) ^111(3) ^III{B) ^ni{C) . p•^ 

^r,r+l,s,r-l ~ W,r+l,s,r-l W,r+l,s,r-l W-l,r,r+l,s W-l,r,r+l,s- yo.^O) 

Next we consider the two-mass easy box coefficients which multiply the box integral 
Ir,r+i.s,s+i with K\ = = 0. Such coefficients are obtained from the C^"^ quadruple cuts 
by restricting two opposite corners to be massless. The quadruple cuts C^^ of eqn. fl3.43p 
directly give appropriate two-mass easy box coefficients. The C^^^ quadruple cuts yield two- 
mass easy box coefficients by taking the massless corner Ks = {s}, but the coefficient C"^'-^^ 
vanishes in this case because of the NMHV tree at the corner with momentum K3. The two- 
mass easy contributions from the coefficients C^^^*-^^ and C^^^*-*"^ also vanish because of the 
kinematic constraints from the three-point vertices at opposite corners. Then the two-mass 
easy box coefficient is 

W,r+l,s,s+l ~ '^r,r+l,s,s+l ' W,r+l,s,s+l- \^o.'±\Jj 

The only non-vanishing contributions to the one-mass box coefficient are obtained from 
the quadruple cuts C^^\B) and C^^^^^ by restricting all corners to be massless except the 
corner with a NMHV or NNMHV tree amplitude. All the other one-mass diagrams vanish 



because of the kinematic restriction on adjacent MHV or MHV three vertices, or, in the case 
of C^^^^\ because on-shell, three-point NMHV amplitudes vanish. Then the one-mass box 
coefficient which multiplies the box integral Ir-2,r-i,r,r+i with the massive corner is 

nlm _ nin{B) ^11 {B) 

^r-2,r-l,r,r+l ~ W-l,r,r+l,r-2 W,r+l,r-2,r-l- W-^'J 

This completes the specification of the NNMHV box coefficients for SYM. 



IV. SCATTERING AMPLITUDES FOR J\f = 8 SUGRA 

As in the SYM theory reviewed earlier, generating functions for the A/" = 8 SUGRA theory 
are given a holomorphic description in terms of the anticommuting Grassmann variables rj^, 
for I < A < 8, which transform in the fundamental representation of the /^-symmetry SU (8). 
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The component states of on-shell SUGRA appear with unique Grassmann- valued coefficients 
in the super-wavefunction 77). An n-point SUGRA amphtude, the generating function 
for scattering amphtudes of particles in the supermultiplet, is written as 

Mn{p^,V^)=M{^l,...,^n). (4.1) 

The Grassmann integral identity, 

d^nri^ri^ri^rj^rj^ri^'^ri^ = 1, i.e. 5^^\r]^) = ri^ri^ri^ri^ri^rj^rj'^ri^ (4.2) 



allows scattering amplitudes with external gravitons of negative and positive helicity to be 
selected by applying J (fir] and 1, respectively, to superamplitudes. 

A general n-point A/" = 8 SUGRA amplitude is supertranslation invariant and can be 
written for n > 4 as 

Mn = S^'Hp^^)6^''Hq^)nn{X, ~X,v)- (4.3) 

The exceptional three-point amplitudes are shown in detail below. The superamplitudes of 
the A/" = 8 theory conserve the supercharge, 

n 

j=i 

As in the SYM theory described previously, 7^„ is expanded in a series of 5'?7(8)-invariant, 
homogeneous polynomials of degree 8/c in the ?7's, 

n— 4 

7^. = ^7^«^ (4.5) 

fe=0 

The q supersymmetry can be utilized to eliminate two of the rj variables in so that the 
degree of the super amplitude is 8(n — 2). The terms in the superamplitude, eqn. (14.31) . of 
Grassmann degree ^k + lQ are the generating functions for N'^MHV contributions to SUGRA 
scattering amplitudes. 

A. Tree-level ordered subamplitudes 

In Ref. {4^, the SUGRA recursion relations are applied to efficiently calculate explicit, 
analytic expressions for all-multiplicity MHV, NMHV, and NNMHV tree amplitudes by 
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introducing ordered gravity subamplitudes M(l, . . . ,n) related to the complete, Bose sym- 
metric physical amphtudes by 

Mn= Yl M{l,...,n). (4.6) 

o-(2,...,n-l) 

The ordered subamplitudes are defined through on-shell recursion, starting from M(l, 2, 3) = 

^ 1 ^ 

M(l, ...,n) = Y, 2, . . . , z - 1, P)—M{-P, i,...,n), (4.7) 

i=3 

where, as in the SYM recursion relations, the cyclic order of external legs is preserved in the 
factorizations of gravity subamplitudes M. The authors of Ref. 4^ prove that the results 
of recursion relations for ordered subamplitudes match the amplitudes obtained through the 
SUGRA on-shell recursion relations. 

The MHV three-particle amplitude and its Grassman-variable Fourier conjugate, the 



MHV3 amplitude, are given by 

Af3(MHV)^^'"''l;)'" + l^),''-t''>''^> ,e. „\, (4.8) 

' ((12)(23)(31))2 3 ((12)(23)(31))2' ^ ^ 

5(8)(^,[2 3]+r/2[31]+r/3[12]) 



M3(MHV) .r nr nr ^^o 

^ ([12][2 3][31])2 

Applying the on-shell recursion relations to ordered subamplitudes yields 

M„(MHV) = ^„,.^^^., G^"^(1, . . . ,n), (4.9) 
where G^"V(1, 2, 3) = 1 and otherwise 

n-3 , I I > 

G^^^(l, . . . , n) = n ^^'^---+2^-+2-"'^^ (4.10) 

s=2 \sn) 

Comparison with the SYM amplitudes of eqns. (13. ip and (13. 2p indicates that the MHV 
and MHV3 amplitudes for SUGRA are proportional to the "squared" MHV and MHV3 



amplitudes of SYM, as discussed in Ref. |40|]. It is interesting that "bonus relations" for 



SUGRA allow MHV tree amplitudes to be written in a form that require permutations over 



only {n — 3) of the external particles 42, |46l] 



The simple "squaring" relation between MHV and MHV3 amplitudes in SUGRA and 
SYM allow the results of on-shell recursion for SYM N^MHV amplitudes to be recycled in the 
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on-shell recursion relations for ordered gravity subamplitudes. This procedure is explicitly 
carried out up to NNMHV amplitudes for SUGRA. The NMHV ordered subamplitude for 
SUGRA is 



NMHV 



(4.11) 



The factor G^.^^^ and similar factors for N^MHV amplitudes are expressed in terms of 



pl,u 
ai,...,ar 



bi,...,bi;ci,...,Cr 



k=l 



{k\Xaxa2 ' ' ' ■^ar-iar\^r) 



(4.12) 



{ai\x, 



a\a2 



Note that these functions fail to be conformal invariants due to breaks in the chains of labels 
which appear in {k\xa-i^a2 from P and the Xbi^j^biXciC2 in the denominator of Z. Then defining 



fn;2b = and 

fn]ab = ^13{~^n-,a-l ^P^'"^ ^ fo^' O > 2, 



L 

n\ab 



-z. 



n,a+l,b,a,n pa,b—3 



and 



7n,b+l,b,a,n r)b,n— 3 



n;ab n;b,a,n n ' 

the factor in the NMHV SUGRA subamplitude is 
^NMHV _ f nL nR 

t2i 



• n;ab J n;ab^ n]ab^ n;ab- 



The N^MHV SUGRA subamplitude is 
M„(N2MHV) 



X 



Ed2 
^n\ab 



2<a,b<n 



E{ oba Zj(- 
\^n;ab;cd) 



2uW 

ab:cd 



_a<c,d<b 



b<.c,d<n 



ab ^^ttC^) 
n:cd) n:ab\cd 



where 



(4.13) 



(4.14) 



(4.15) 



H. 



(1) 



Jn;ab^n;abJn;ab;cd^n;ab;cd^n;ab;cd 



R 



n;ab;cd 



H. 



(2) 



n;ab;cd 



Jn;ab'^ n;abJn;ab;cd'^ n:cd'~^ 



R 

n\cd' 



The new ingredients here are the / in H'^^\ 



fn;ab;ad 
fn;ab;cd 



-z 



n,b,d,a,n 
n;b,a,n ' 

yn,b,a+l,a,n 
''n;b,a,n 



7C—lA,b,a,n\ j~,a,c—2 



c—l:b,a,n 



Pb:a,n for C > a, 



(4.16) 



(4.17) 
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the / in H'^'^\ 



r _ r7n,d,b,a,n /a q\ 

Jn;ab;bd - -^n;b,a,n ' l^.iSj 

yn,b+l,b,a,n\ ( yn,d,c~l\ pb,c-2 c „ ^ i 
^n;b,a,n J \y-^n;c-l J ^^1 C > 0, 

and the new G-factors are 

r^n,a,b,c+l,d,c,b,a,n pc,d—3 /a TQ\ 

^n;ab;cd n,a,b;d,c,b,a,n d,c,b,a,ni li) ) 

y^R yn,a,b,d+l,d,c,b,a,n pd,n— 3 

^n;ab;cd n,a,b;d,c,b,a,n b,a,n ' 

In preparation for sewing these SUGRA tree amphtudes together for the unitarity cuts of 
loop amphtudes, we make several remarks about the phase weight of certain spinors which 
appear in the factors above. First, . . . ,n) depends on n only through the spinor |?t,) 

and has zero phase weight in that spinor. The factor Pj^'^ depends on only through the 
spinor \ar) and has zero phase weight in that spinor. Similarly, Zl^''"'^^^^ depends on ai, 
hi, ttu and Cr only through the spinors |ai), \bi), \au), and \cr). If Oi = bi then Z^l'"''b^ci cr 
has zero phase weight in \ai). Likewise, if a„ = then Z^^'"'"^^^^ has zero phase weight 
in \au)- Altogether we conclude that both SYM and SUGRA amplitudes hold all the phase 
weight for particle n only in the Parke- Taylor prefactors, (Hii^^ + 

B. Ordered subamplitudes at one-loop 

The one-loop planar SUGRA amplitudes M.n;ii like the previous SYM amplitudes, are 
known to depend only on box integral functions. Then the one-loop planar SUGRA ampli- 
tudes have a scalar box-integral decomposition, 

^^^^(p) ^ ^ ^'j^im jAm _j_ 'j^Sm j3m _j_ ^2mh j2mh _|_ ^2me j2me _|_ -plmjlm^ 

partitions 

(4.20) 

The box integral coefficients of the scalar integrals are quadruple unitarity cuts, calculated 
by sewing four tree-level SUGRA amplitudes at each corner of the box, 

r ^ 

^ = / n d\Mh, {Ki}, -l2)M{l2, {K2}, -h)M{h, {Ks}, -U)M{U, {K4, -h). 

(4.21) 
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The sum over partitions instructs us to include all partitions of the external particles into 
four subsets Ki, consistent with each of the different box functions in the box- integral 
decomposition. 

Because gravity amplitudes do not possess a color-ordered structure, assigning the exter- 
nal particles to the corners of a box diagram requires a large number of distinct partitions. 
All possible partitions of the external particles into four subsets, one for each on-shell tree 
amplitude in a quadruple cut, must be included to achieve the complete Bose symmetry of 
SUGRA amplitudes. Furthermore, the on-shell tree amplitudes appearing as factors in the 
box coefficient include all permutations of the participating particles, the external legs Ki 
and the virtual particles U and /j+i. 

In the context of on-shell recursion relations at tree level, this issue is confronted in 
Ref. 



401 1 by introducing ordered gravity subamplitudes M(l, ...,n) related in eqn. (14. 6 p 
to the physical tree amplitude M.n by adding contributions from permutations among the 
labels {2, . . . , n — 1}. At tree level, the legs 1 and n are singled out for the complex shifts of 
momenta and Grassmann variables which yield on-shell recursion. The all-multiplicity tree 
amplitudes in SUGRA are obtained by sewing pairs of ordered tree amplitudes and then 
carrying out a permutation sum over the labels of the {n — 2) unshifted external legs. 

Instead of carrying out the permutation sum over external particles before sewing the 
tree amplitudes, we prove that ordered tree-level subamplitudes may be sewn together to 
produce ordered one- loop quadruple cut coefficients, . . . ,n). The cut coefficients are 
given by applying the unitarity method for SUGRA at one-loop, that is, 

...,n)= W d\Mih, r, . . . , s - 1, -h)M{h, s, . . . , t - 1, -h) (4.22) 

xM(/3,t,...,M- l,-/4)M(/4,u,...,r- 

where the labels for external particles are cyclically ordered, satisfying r < s < t < u 
modulo n. The physical one-loop box functions are constructed from the ordered one-loop 
subamplitudes by including all permutations of the external particle labels, 

E E E D{l,...,n)I{K^,K^,K^,K^). (4.23) 

partitions a(l,...,n) r<s<t<u 

The external particles are partitioned into the sets Ki = {r, . . . , s — 1}, K2 = {s, . . . ,t — 1}, 
K3 = {t, . . . ,u — 1}, and K4 = {u, . . . ,r — 1}, and the partitions are understood to be 
consistent with the particular box integral. 
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The key ingredient in the proof is the Bose symmetry of on-shell gravity amphtudes. 
Consider sewing the ordered tree-level subamplitudes and identifying the unpermuted legs 1 
and n with the loop legs U and /j+i. Then a permutation sum over all the external particles' 
labels converts each orded tree-level subamplitude into a physical amplitude. In the proof 
we will focus on an arbitrary box function, Xlpcrms '^nI{Ki, K2, K^, K4) , but the analysis 
is identical for each of the box diagrams which constitute a complete one-loop amplitude. 
The only caveat is that the partitioning of external legs onto corners of the box is not 
arbitrary but must be done in accordance with the particular quadruple-cut diagram under 
consideration, whether it is a four-mass box or otherwise. 

The unitarity method produces a box coefficient by sewing four on-shell tree amplitudes, 
as indicated in Fig. [H All the possible partitions of external legs for each corner of the 
box diagram are included to produce a physical amplitude, IJi=i -^i = {'^^■■■^n). Since 
we are examining one box-integral coefficient, the partitions of external legs are implicitly 
consistent with its companion box integral. We begin the proof by writing the box function 
as the product of sewn tree amplitudes and a scalar box integral, summing over all the 
appropriate partitions Ki of external legs, 

E^^ = E/ \[d\M{hAKj}^-h+i)I{K,,K2,K^,K,) (4.24) 

parts. K.i J — 1 




X / JjAi,-^(^l,l,---,S-l,-/2)-M(/2,S,...,t- 1,-/3) 

i=i 

X M{h,t,...,u- 1, -k)M{k,u, . . . ,n, -h) I{Ki) 
= E E llld\Mih,l,...,s-l,-l2)Mil2,s,...,t-l,-k) 

a{l,...,n)l<s<t<u<n-^ j=l 

X M{h, t, . . . , M - 1, -U)M{U, u,...,n, -/i) I{Ki) 

a{l,...,n) l<s<t<u<n 

In the second line, the complete Bose symmetry of each box function in the on-shell, one-loop 
amplitude is used to introduce a redundant permutation sum, J2a{i n) ■^n;i = n\ A^„;i. 
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Inside the permutation sum, the precise labels which are assigned to each corner by the 
partitioning into Ki are irrelevant. Because of the permutation sum, the only distinguishing 
feature of the different partitions is the number of external particles assigned to the corners. 
Hence, as indicated in the third line, the sum over partitions Ki inside the permutation sum 
is equivalent to choosing the convenient partition of external labels Ki = {1, . . . , s — 1}, K2 = 
{s, . . . , t—1}, K3 = {t, . . . , u—1}, K4 = {u, . . . ,n} and summing over the number of external 
legs which appear at each corner. The binomial coefficients count the number of ways each 
distinct partition of external legs occurs, choosing s — 1 of the n particles for Ki for example. 

Inside the permutation sum, all the different orderings of the external legs which lie at a 
given corner for fixed s, t, and u yield an identical tree amplitude. Due to the Bose symmetry 
of each on-shell tree amplitude in the quadruple cut, the tree amplitude A1(/4, 1, . . . , s — 
1,— /i), for example, and the (s — 1)! permutations of its external particles are all equal. 
Then we can replace each of the equivalent tree amplitudes Ai with an ordered subamplitude 
and choose numeric ordering for the external labels at each corner. This amounts to the 
replacement A^(/i, 1, . . . , s — 1, —I2) {s—l)\ M(/i, 1, . . . , s — 1, —I2) inside the permutation 
sum, and likewise for the remaining corners of the box. Finally, cancelling the numeric factors 
yields the fourth line and completes the proof that sewing ordered subamplitudes yields an 
ordered quadruple cut from which the complete Bose symmetric amplitude can be recovered. 

The scalar box integrals of eqn. fl3.17p are invariant to permutations among the elements 
of each individual K^. Then collecting terms in the permutation sum, eqn. (14.230 . leads to 
a sum of ordered boxes which give the coefficient for a particular scalar box integral. The 
ordered boxes which contribute to the coefficient of a box integral differ only by relabelings 
of the external legs at each separate corner. As an example, the coefficient of the easy 
two-mass box integral /(I, {2, 3}, 4, {5, 6}) is the sum of the ordered boxes -D(l, 2, 3, 4, 5, 6), 
D(l,3,2,4,5,6), L>(1,2,3,4,6,5), and 3, 2, 4, 6, 5). 

C. MHV box coefficients for SUGRA 

A single two-mass easy box coefficient determines the one-loop MHV superamplitude in 
SUGRA, just as in SYM. The ordered box diagram with a pair of diagonally-opposite MHV3 
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vertices yields 

r ^ 

L',,,+i,,,,+i(MHV) = / n A;, (4.25) 

i=i 

{[hr][rk][l2li]? {{hl2){l2r + I) . . . {s -lh)Y 

{[h s] [s k] [k k]f i{kk){ks + l)...{r-l hW 

X G^«V(Z2, r + 1, . . . , s - 1, -l,)G'^^^{k. s + 1, . . . , r - 1, -h). 

Since the SUGRA factors G^^"^ contain no ?7's and are thus untouched by the Grassmann 
integration, the Grassmann integral simply yields the "square" of the SYM result from 



Ref. 



36|, 



D,,,+i,,,,+i(MHV) = Y[-^^^-'l\^2 X (4.26) 
X G^^^^(/2, r + 1, . . . , s)G^"V(/4, s + 1, . . . , r). 
Since . . . ,n) depends on n only through the spinor \n) and has zero phase weight 



in we have used the kinematic constraints at the MHV3 vertices to replace —k s and 
—li 1 without gaining any additional factors. 

This one-loop MHV superamplitude is valid for five or more external particles. A de- 
generacy of the four-point box functions doubles the result for the box coefficient. Thus, a 



factor of two is required to match the result at four point from Ref. 



26|. 



D. NMHV box coefficients for SUGRA 

First consider the diagram for an ordered three-mass box coefficient, 

r ^ 

i=l 

^ 5^'Kr^iArh]+yir[kk]+r]iAkr])5^''K\k)rii, - hH, ^Y.l+\ 

{\k r] [r k] [k k]f iik k) {kr + l)...{s-l k)? 

^^''\\k)vi:, - \k)vu + Y!;' m) 5^''K\k)riu - \k)rii, + Er' \^nd 

{{h k) {ks)...{t-l kW iik k) {kt)...{r-l kW 

X G^«V(/2, r + 1, . . . , s - 1, -l,)G'^^^{k. . . . , t - 1, -k) 

xG^«V(Z4,t,...,r- 1,-/1). (4.27) 
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Again we can "square" the SYM result and carry along the G^^^'s, which are untouched 
by the Grassmann integrals, to obtain 



5^^^^ (a) 

ni(^« + i) 

X G^«V(Z2, r + l,...,s-l, -/3)G^HV^^^^ s,...,t-l,-k 



X G^^^^(/4,t,...,r-l,r). (4.28) 



We have used the MHV3 kinematic constraint to replace —li ^ r in 

l,/i). This result contains the square of the superconformal invariant Rr-st, where it is 

understood that the "square" of S^^\x) is S^^\x). 

The hard two-mass box coefficients are degenerate three-mass coefficients. The two-mass 
hard diagrams with massless corners Ki and K4 are determined by restricting the number 
of external legs which attach to the tree amplitudes in the three-mass diagram, 

/^.'Si,.,.-i(NMHV) = D3';Vi,.,.-i(NMHV) + ^^^^,^^^^(nmHV). (4.29) 

The final ordered diagrams required for the NMHV SUGRA amplitude at one loop de- 
termine the two-mass easy coefficient, containing a single tree-level NMHV superamplitude. 
There is no contribution to the two-mass easy coefficient obtained from restricting the three- 



mass box with K3 = {s}. As mentioned in Ref. [36|], this limit vanishes due to the kinematic 
constraints of three vertices. Then we have for the two-mass easy box coefficients with the 
massless corners Ki and K4, 

r ^ 

^?+i,s,s+i(NMHV) = UdS^ 

i=i 

6^'KviArl2]+Vr[l2h]+ViAhr]) S^'<'Kh)vi, - Ik)^, + Kr+l \^)Vi) 
{[kr][rh][l2li])' {{hl2){l2r + 1) . . . {s -Ih))' 

6^'\vidsh]+vs[ki3]+viAhs])s^''K\k)vu - 1^1)% + e:;; 



X 



([/3 s] [s h] [U k])' iih k) {ks + l)...{r-l h)f 

X G^^\h^ . + !,..., -h) X Rl,^,GZr + {r^s). (4.30) 

a,b 

The summation variables a and h take values from the cluster so that a > r + 1 and 
a + 2<6<s — 1. The dual superconformal invariant Ri^-ah does not depend on rji^ or 
77/3, so the Grassmann integrations leaves R\-ab^f^^^ untouched. These factors are carried 
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along with the same Grassmann integrals that appear in the MHV-amplitude unitarity cut, 
so from that result we have 

X E i?^,.G^r^ + (r^.). (4.31) 

r+l>a,b<s 

Here we have used the kinematic constraints of the MHV3 vertices to replace ^3 — ^> s in Ri^-ab 
and GfJ^^^, which have zero phase weight in I/3), and similarly for the G^^"^ factor. 

The final NMHV box coefficients are the the one-mass boxes. Taking the massive corner 
to be ^^4, the one-mass coefficients are 

/?.^!:^2,r-i,r,.+i(NMHV) = ,,,,+i,,_2(NMHV) + D,2-^i,,_2,,_i(NMHV). (4.32) 



E. NNMHV box coefficients for SUGRA 



With the NNMHV box coefficients for SYM calculated in Section [mCl the SUGRA box 
functions are nearly completely determined. Only the proper "squaring" and insertion of 
the gravity G-factors remains to complete the SUGRA box coefficients. We begin with the 
four- mass ordered box coefficient, 

D,^- ^^(N^MHV) = n / dS, (4.33) 

{{hh}{hr} ...{s -Ikjr 

TiTTVn — ^ T+ — 1 1 \\2 [L2, s, . . . ,t - L, ~Ls 

{{h k){ks) . . . (t - 1/3))^ 

77rmTT\ '/ 1 r \\2 ^ 1*3, • • • ,M - i, -<4j 



s^^^K\k)vu - \h)vh + T,u I'^H j ^MHv 

{{h h){hu)...{r-lh)y 



X G'^^V(/4,M,...,r- 1,-/1) 



The G'^hv factors contain no Grassmann variables and factor out of the integral, leaving us 
with the integrand of the SYM four-mass box "squared," 

D,^™ JN^MHV) = (^^Ar,s,t,uRlr,tsuRu;urt) X ^^'^^^^^ 



X G^«V(/i, r, 1, -/2)G^^^(/2, s,...,t-l, -k) 

X G^"^(/3, t, . . . , u - 1, -/4)G''"^(/4, M, . . . , r - 1, -h). (4.34) 
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Referring to Fig. [2] in order to calculate the ordered box coefficient D^^j?.,.]^ ^^^(N^MHV), 
we have 

(4.35) 

where, for example, the diagram C yields 

<s!..(N-MHV).n/^% /''''-'';;:',;a'tr''-'-'' 

{{h k){kr + 1) ... (s - 1/3))^ 



((<4 h){hs) ...{t -IhjY 



{{hh){kt)...{r-lh)) 



2 



E ^La^^Sr- (4.36) 



t<a,b<r 

The indices a and b in the NMHV factor satisfy a > t and a + 2<fe<r — 1. The calculation 
for diagrams III{A — B) is very similar, and altogether we have 

5(16) (g) 



iNMHV ^ 



-Dr^^+l!s,t(N^MHV) - (Ar^r+l,s,t-Rr;st)^ E Rh;abGu;ab ^ TT^/^^ i 1\2 



X ^^"^(/s, s, . . . , t - 1, -/4)G''"''(/4, t, . . . , r - 1, r), (4.37) 



s<c,d<t 

X G^«V(/2, r + 1, 1, -/3)G^HV(^^^ t, . . . , r - 1, r), (4.38) 

5(16) (g) 



t<a,b<r + 
X G^l^V(/2, r + 1, 1, -/3)G^HV(;^^ S, . . . , t - 1, -/4), 

(4.39) 

The kinematic constraint = "'^^k) from the MHV3 vertex has been applied to write 
Rir,uv = Rr;uv, Gf^^^ = G^^^^ , and G^^^IU, t, . . . ,r — 1, —li) = G^^^{U, t, . . . ,r — l,r) 
without introducing any additional factors. 

The final set of ordered box coefficients for the NNMHV SUGRA amplitude are calculated 



from the quadruple cuts with a pair of MHV3 vertices. Thus the two-MHV3 contributions 
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are 



I?^;.+i,.,.+i(N2MHV) = Z};^(^J,,,,+,(N2MHV) + (N^MHV). (4.40) 

For the first diagram we have 



^ii(A) ^^^2^;ru^A -TJ f ^8 ^{Vh [h r] + r]i, [r k] + Vrlk h]) 



{[kh][lir][rh]y 



S^''\\l2)Vi.-\k)Vis + EZl\^)v^) 



{{kl2){l2r + l)...{s-lh)y 

S^'^Hvulh s]+Vh[sh]+Vs[hh]) 



r+1 p2 ^NMHV 

/ , ^l3;ab^l3;ab 



a,b 



,<^NMHV /' /I /1 1 ^ 

((/i/4)(/4t)...(r-ni))2 x2-.^^i;^'^K;c. , (4.41) 

where the indices a and 6 in the first NMHV factor satisfy a > r + 1 and a + 2 < b < s — 1, 
and in the second factor we have c > s + 1 and c + 2 < d < r — 1. Factoring the Grassmann- 
variable independent factors out of the integral leaves us with the MHV box coefficient, 

<^t,.+i(N2MHV) = Al,^,^,^,^, X (4.42) 



^ -'^s;afe'-^s;a6 ^ ^r,cd^r,cd 



NMHV 

r+l<a,6<s s+l<c,d<r 



The kinematic constraints at the MHV3 vertices have been applied to replace s and 
Zi -H> r in the NMHV tree amplitude factors. 

The remaining diagrams, which contains a NNMHV SUGRA tree amplitude, are 

<^fl,.+i(N^MHV) = n /■ 

6^'KVh[hr]+ViArl2]+Vr[l2li]) ^'^''WkH, - 1/3)% + E:;? 

([/2/i][/ir][r/2])' ((/3/2)(/2r + l)...{s-lh)y 



.ab -^2 f7-(2) 

Z3;a6;cd 

a<c,d<b b<c,d<n 

r~l 
t 



r+l<a,fe<s 

([/4/3][/3s][s/4])' ((/i/4)(/4t)...(r-l/l))2 

+ (r ^ s). (4.43) 
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Only the MHV box coefficient remains after pulling the SUGRA NNMHV tree factor out of 
the integrand, leaving the expression 



r,r+l,s,s+l T~fn 



r+l<a,b<s 

+ (r ^ s). 



b<c,d<n 



(2) 
ab:cd 



.a<c,d<b 



(4.44) 



The kinematic constraint for the MHV3 vertex has allowed us to replace IZ3) — > s. 

The complete set of ordered box coefficients for NNMHV amplitudes in SUGRA are 
determined just as in the SYM case. We have 



T-\6m T-\Am I r)III 



3m 

r, 

2mh 



D 



m{A) 

r,r+l,s,r— 1 



III(B) 
r,r+l,s,r- 



1 pi^^H^) _|_ /-)■'■'■"''- 

1 "T ^r-l,r,r+l,s "r 



111(C) 



T~\2me 

^r,r+l,s,s+l 
jjlm 

^r-2,r-l,r,r+l 



^r,r+l,s,s+l 

r,iii{B) 

^r-l,r,r+l,r-2 



D" 

^r,r+l,r-2,r-l-J 



(4.45) 



in addition to the four- mass box coefficient D . 



V. EXTRACTING GLUON AND GRAVITON SCATTERING AMPLITUDES 

In order to use our one-loop superamplitudes to generate gluon and graviton scattering 
amplitudes, the Grassmann-valued operator 

/ dvl---dr)f = I d^r^. (5.1) 

is applied to the superamplitude. As described above eqn. (12.151) in the context of SYM, this 
operator extracts the contribution of a negative helicity gluon (for A/" = 4) or graviton (for 
A/" = 8) to the scattering amplitude. In order to compare our NNMHV results, for example, 
with the literature we must perform integrals on the box coefficients such as 

j d^r]ad^r]bd^r]J-^r]dC{'NNMB.V). (5.2) 

The result of this integral is a box coefficient for a gluon or graviton scattering amplitude 
where the legs a, b, c, and d have negative helicity and all the rest are positive. 
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Here we provide a formula which makes these integrations straightforward. The general 
Grassmann dependence of a NNMHV box coefficient is in the product of the overall super- 
charge delta function with a pair of A/'-component delta functions. We are concerned only 
with the appearance of rj^ for i = a,b, c, d, and we have schematically 

C(NNMHV) = X X 6'^i\a)r]a + \b)7]t + \c)7], + \d)7]d + . . .) 

X 5^{A7]a + B7]b + .. .)5^{Cr]a + Dr]b + ...), (5.3) 

where X is an overall bosonic factor and the (...) indicate Grassmann variables other than 
the ones of interest. The overall supercharge delta function has been used to write the latter 
pair of delta functions so that they each depend on only two of the four Grassmann variables 
of interest. Then the identity eqn. fl3.2ip is apphed to carry out the Grassmann integrals, 
and we find 

j d-^r]ad-^r]bd-^r]J^ridC{NNM}lV) = {cd)^{AD - CB)^X. (5.4) 

The detailed form of the spinor products A, B, C, and D depends on the particular box 
coefficient under consideration. 



VI. CONCLUSION 



We have applied generalized unitarity to calculate the all-multiplicity, NNMHV contri- 
butions to one-loop scattering amplitudes in maximally supersymmetric Yang-Mills and 
Supergravity. Our results for the NNMHV box coefficients in SYM are expressed in a man- 
ifestly dual superconformal form 36|, reflecting the proposed duality between dual Wilson 
loops and SYM scattering amplitudes at weak coupling. The interesting effects of coUinear 
and infrared processes on conformal symmetry 47|] requires further study. Does the combi- 
nation of superconformal and conjectured dual superconformal symmetries 48|] flx the form 
of scattering amplitudes in A/" = 4 Yang-Mills? 

We also calculated the n-point MHV and NMHV one-loop amplitudes in SUGRA. The 
requisite tree amplitudes which are sewn together for the coefficients of quadruple cuts were 
calculated in Refs. jssl . l4o| . The amplitudes we present are generating functions for the 
scattering of any of the particles in the supermultiplet app earing as external states. The use 
of an on-shell superspace formalism described in Ref. 20| allows scattering amplitudes with 
external gluon or graviton states to be easily extracted with Grassmann-valued operators. 
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In this paper we proved that the ordered gravity subamphtudes introduced in Ref. [4C 
may be sewn together to produce ordered box coefficients from which the complete, physical 
box coefficients are obtained by permuting all the external legs. The ordered subamphtudes 
are not physical quantities, but they do yield a more efficient means of calculating SUGRA 
amplitudes. Instead of permuting over all the legs for each tree amplitude in a quadruple cut, 
the ordered trees may be sewn directly and then permuted over only the external legs at the 
end. This allows the box coefficients to be represented concisely, for arbitrary multiplicity 
scattering processes. 

Here we describe the checks we have performed on our results. The results for SYM box 
coefficients have been numerically checked against the box coefficients for the amplitude 



Aj-i{l ,2 ,3 , 4+, 5"^, G"*", 7"*") presented in Ref. [49|. The complex conjugate of this seven- 



gluon amplitude can be considered a NNMHV amplitude and allows a non-trivial verification 



of our box coefficients. We note that the coefficients presented in Ref. [49| multiply box 
functions instead of the box integrals alone, where the box functions are scalar box integrals 
multiplied by the appropriate Ar,s,t,u- Thus in comparing our results we find relations 
between our coefficients such as 

^267 = / d'^Vi d\ d\ d'^rij ^'^''^'^ . (6.1) 

J ^3,4,5,1 

For the SUGRA box coefficients we have numerically verified that the MHV one-loop 



amplitudes for the scattering of four, five, and six gravitons matches the results in Ref. [26 1 
up to overall normalization of the amplitudes. The complex conjugate of the five-point MHV 
coefficients match our NMHV result, and likewise the six-point MHV amplitude, upon con- 
jugation, agrees with our NNMHV box coefficients. Recall that the ordered box coefficients 
we calculated yield physical SUGRA amplitudes by summing over permutations of the ex- 
ternal legs. Then, after this permutation sum is carried out, the physical amplitudes for the 
scattering of gravitons can be extracted by Grassmann-valued operators. For instance, we 
find the relation 

[(1 2fh{l, {2, 3}, 4)M4, {5, 6}, 1)]* tr2[l(2 + 3)4(5 + 6)] 

= j d%d%d\d\ (6-2) 

cr(23),o-(56) 

The MHV amplitudes we have checked against have few external legs and thus do not require 
all the box functions which appear in the all-multiplicity NNMHV boxes. Nevertheless, they 
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provide an affirmation of our method for producing physical amphtudes from ordered box 
coefficients. 
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